We present several results concerning the free energy of odd-dimensional conformal field theories (CFTs) on squashed spheres. First, we propose a formula which computes this quantity for holographic CFTs dual to higher-curvature gravities with second-order linearized equations of motion. As opposed to standard on-shell action methods for Taub geometries, our formula is automatically UV-finite and only involves a simple evaluation of the corresponding bulk Lagrangian on an auxiliary pure-AdS space. The expression is closely related to the function determining the possible AdS vacua of the bulk theory in question, which we argue to act as a generating functional from which correlation functions of the boundary stress tensor can be easily characterized. Finally, based on holographic results and free-field numerical calculations, we conjecture that the subleading term in the squashing-parameter free-energy expansion is universally controlled by the stress-tensor three-point function charge t4 for general (2 + 1)-dimensional CFTs.
We present several results concerning the free energy of odd-dimensional conformal field theories (CFTs) on squashed spheres. First, we propose a formula which computes this quantity for holographic CFTs dual to higher-curvature gravities with second-order linearized equations of motion. As opposed to standard on-shell action methods for Taub geometries, our formula is automatically UV-finite and only involves a simple evaluation of the corresponding bulk Lagrangian on an auxiliary pure-AdS space. The expression is closely related to the function determining the possible AdS vacua of the bulk theory in question, which we argue to act as a generating functional from which correlation functions of the boundary stress tensor can be easily characterized. Finally, based on holographic results and free-field numerical calculations, we conjecture that the subleading term in the squashing-parameter free-energy expansion is universally controlled by the stress-tensor three-point function charge t4 for general (2 + 1)-dimensional CFTs.
Euclidean conformal field theories (CFTs) coupled to background fields can be used to learn important lessons about the dynamics of the theory in question. A prototypical example corresponds to supersymmetric CFTs, where localization techniques have allowed for notable progress -see e.g., [1] . For non-supersymmetric theories, a natural possibility consists in coupling the theory to curved background metrics. This approach has produced some exact and universal results valid for general CFTs [2, 3] and has found various applications, e.g., in holographic cosmology [4] [5] [6] [7] . Particularly interesting is the case of spherical backgrounds, whose partition functions -equivalently, free energies: F S d = − log |Z S d | -have been conjectured to be renormalization-group monotones for general odd-dimensional QFTs [8] [9] [10] .
In this letter, we will consider CFTs on deformed spheres and study the effect that such deformations have on F . The focus will be on a particular class of squashed spheres, S d ε , which preserve a large subgroup of isometries of the round ones [11] . In particular, they are characterized by being Hopf fibrations over the complex projective space CP k (k ≡ (d−1)/2), namely,
The metric on these squashed-spheres is given by
where ψ is a periodic coordinate which parametrizes the S 1 , ds 2 CP k is the Einstein metric on CP k normalized so that R ij = g ij , and J = dA CP k is the Kähler form on CP k . The parameter ε measures the degree of squashing of the sphere and, in principle, it can take values in the domain ε ∈ (−1, +∞), the round-sphere corresponding to ε = 0. In d = 3, which is the simplest case, CP 1 ∼ = S 2 , and we can write ds 2 S 2 = dθ 2 + sin 2 θdφ 2 , A S 2 = 2 cos θdφ in standard spherical coordinates.
This class of squashed spheres can be easily studied holographically [12] [13] [14] [15] [16] [17] , as the relevant bulk geometries belong to the well-known AdS-Taub-NUT/bolt family. Our first main result -see (9) -is a universal formula for the free-energy of a broad class of holographic CFTs on squashed-spheres. The formula is automatically UV-finite and, in fact, does not require knowing the corresponding NUT solutions explicitly. It holds for higher-curvature bulk theories with second-order linearized equations of motion, correctly reproducing all known results available for such theories, and passes several consistency checks coming from field theory considerations. Our second result -see (12) -is an expression for the subleading term in the small squashing-parameter expansion of F S d ε which, based on holographic and free field calculations we conjecture to be controlled by the stress-tensor three-point function coefficient t 4 for general CFTs. As an additional consequence of our results in the holographic context, we observe that, for the class of bulk theories just described, the function that determines the possible AdS vacua of the theory -see (4) -acts as a generating functional for the boundary stresstensor, in the sense that we can easily characterize its correlators by taking trivial derivatives of such function, drastically simplifying the standard holographic calculations -see (5), (16) , (17) and (18) .
Higher-order gravities and holography on squashed-spheres: AdS/CFT [18] [19] [20] provides a powerful playground for exploring the physics of strongly coupled CFTs. In some cases, the possibility of mapping intractable field-theoretical calculations into manageable ones involving gravity techniques allows for the identification of universal properties valid for completely general CFTs. In this context, higher-curvature gravities turn out to be very useful, as they define holographic toy models for which many explicit calculations -otherwise practically inaccessible using field-theoretical techniques -can be performed explicitly. The idea is that, if a certain property is valid for general theories, it should also hold for these models. This approach has been successfully used before, e.g., in the identification of monotonicity theorems in various dimensions [21, 22] , or in the characterization of entanglement entropy universal terms [23] [24] [25] [26] . Naturally, particular higher-curvature interac-tions generically appear as stringy corrections to the effective actions of top-down models admitting holographic duals [27] . For the purposes just described, however, it is more useful to consider bulk models which are particularly amenable to holographic calculations -see e.g., [28] [29] [30] [31] [32] [33] .
The Lagrangian of such kind of models can be generally written, in (d + 1) bulk dimensions, as
where L is some length scale, G is Newton's constant, the µ n are dimensionless couplings, and the R (n) stand for the higher-curvature terms, constructed from linear combinations of order-n curvature invariants. The AdS vacua of any theory of the form (2) can be obtained by solving [34] h(f ∞ ) ≡ 16πGL
where L(f ∞ ) is the on-shell Lagrangian on pure AdS (d+1) with radius L/ √ f ∞ . This can be easily obtained evaluating all Riemann tensors in (2) as
It is easy to argue that the R (n) can always be normalized so that the function h(f ∞ ) in (3) reduces to the form [35] 
Naturally, for Einstein gravity one just finds f ∞ = 1, and the action scale L coincides with the AdS radius. Let us further restrict (2) to the particular subclass of theories whose linearized equations on maximally symmetric backgrounds are second-order [36] . This subclass -which we shall refer to as Einstein-like [34] -contains infinitely many theories and includes, among others: all Lovelock [37, 38] and some f (Lovelock) theories [39] , Quasi-topological gravity [40, 41] and its highercurvature extensions [42, 43] , Einsteinian cubic gravity in general dimensions [44] , and Generalized Quasitopological gravity [45] , among others [46] [47] [48] . The vast majority of all known theories of the form (2) admitting non-trivial black hole and Taub solutions belong to this class.
As we show here, the function h(f ∞ ) contains a surprisingly great deal of additional nontrivial information for Einstein-like theories. Firstly, given one such theory, it determines the effective gravitational constant through G eff = −G/h (f ∞ ) -a detailed proof can be found in appendix A. From the dual CFT point of view, this translates into the following relation with the charge C T , which fully characterizes the CFT stress-tensor two-point function [49] [50]
where C E T stands for the Einstein gravity result[51]
In AdS/CFT, the semiclassical partition function is exponentially dominated by the bulk geometry with the smallest on-shell action satisfying the appropriate boundary conditions. This means that the free energy of the holographic CFT can be accessed from the regularized on-shell action of the bulk theory evaluated on the corresponding gravity solution [52] . When the boundary geometry is a squashed-sphere of the form (1), the relevant bulk solutions are of the so-called Euclidean Taub-NUT/bolt class [12, 14, 15 ] -see appendix B for details. Such solutions are characterized by the NUT charge n which, on general grounds, holography maps to the squashing parameter of the boundary geometry ε through
Naturally, constructing Taub solutions is a more challenging task than classifying the vacua of the theory and, in fact, only a few examples of such solutions have been constructed for Einstein-like Lagrangians of the form (2). The simplest instances in d = 3 correspond to Einsteinian cubic gravity [53] , whose Lagrangian is given by [44] 
where
is a new cubic invariant and µ is a dimensionless coupling. In d ≥ 5, analytic Taub solutions have been constructed for Einstein [54] and Einstein-Gauss-Bonnet gravity [55] [56] [57] and there have been a number of holographic applications of these solutions [58] [59] [60] [61] . Very recently, additional solutions have been discovered for other Einstein-like theories (both in d = 3 and d = 5) in [53] .
In all these cases, the thermodynamic properties of the solutions can be accessed analytically. In particular, the computation of regularized on-shell actions can be performed after the introduction of various boundary terms and counterterms which account for the various UV divergences [14, 33, [62] [63] [64] [65] . As long as the solution is the dominant saddle, the resulting on-shell action computes the free energy of the dual theory on a squashed sphere S d ε . For sufficiently small ε, the relevant saddle is generically of the NUT type.
A universal formula for holographic squashedspheres free energy: Rather strikingly, we observe that the following simple pattern holds in all cases: the free energy of a holographic CFT dual to an Einsteinlike higher-order gravity theory on a squashed S d ε can be obtained by evaluating the on-shell Lagrangian of the corresponding theory on pure AdS (d+1) . The dependence on the squashing parameter appears encoded in the AdS radius of this auxiliary geometry, which is given by L (1 + ε)/f ∞ . Explicitly, we claim that the following formula holds
Observe that this expression is drastically simpler than the standard on-shell action approach, which relies on various theory-dependent (boundary and counter-) terms to yield a finite result for each theory. Instead, (9) is automatically free of UV divergences, and allows us to perform a general theory-independent analysis of the free energy of holographic CFTs on squashed-spheres. First, note that if we set ε = 0, we recover the result for the free energy of the theory on a round S d , which plays a crucial role in establishing monotonicity theorems, particularly in three-dimensions [8] [9] [10] . Indeed, this quantity has been argued to satisfy F S d ∝ L(f ∞ ) for general higher-curvature bulk theories, with the proportionality coefficient precisely agreeing with the one predicted by (9) -see e.g., [22, 33] .
In addition, we know that the round sphere is a local extremum for the function
This property is also nicely implemented in (9) . Indeed, comparing with (3), it is straightforward to show that, according to (9) ,
, which of course vanishes by definition, as h(f ∞ ) = 0 is nothing but the embedding condition of AdS (d+1) on the corresponding theory. It is remarkable how holography ties the CFT fact that round-spheres are local extrema of the free energy as a function of the squashing parameter, to the requirement that the AdS geometry solves the bulk field equations.
Furthermore, we know that F S d ε (0) is fully determined by the stress tensor two-point function charge C T for general odd-dimensional CFTs [2] . In particular, for d = 3 and d = 5, it was found (in our conventions) that[66]
Now, using (3), (5) and (9) we find, after some manipulations,
This expression reduces to the general results in (10), which is another highly non-trivial check of (9) . Interestingly, it provides a generalization of the universal connection between F S d ε (0) and C T which must hold for general odd-dimensional CFTs (holographic or not).
Universal expansion on the squashing parameter: As we have seen, the leading term in the ε → 0 expansion of F S d ε is quadratic in the deformation, and proportional to the stress-tensor two-point function charge C T for general CFTs. A question left open in [2] was the
We plot the function T (ε) defined in (13) near ε = 0 for a free scalar (blue) and a free fermion (red) using the numerical results for F s,f S 3 ε obtained in [2] . We observe that T ( = 0) = t4 is satisfied in both cases with high accuracy, which provides strong evidence in favor of the conjectural general expression (12) suggested by the holographic Einsteinian cubic gravity result. Further details on the numerical calculations used to produce this plot can be found in appendix D.
possibility that the subleading term, cubic in ε, could present an analogous universal behavior, in the sense of being fully characterized by the corresponding threepoint function charges. A general purely field-theoretical approach looked extremely challenging, even in d = 3, and the available partial results -numerical for a free scalar and a free fermion, and analytic for holographic Einstein gravity -did not suffice to provide a conclusive answer. In particular, the exact result for the free energy in holographic Einstein gravity is a polynomial of order 2 in ε, namely, F
, which means that its Taylor expansion around ε = 0 is trivial, and precisely ends with the quadratic piece -which is of course controlled by C T in agreement with (10), as can be readily verified using (6) .
Happily, the new Taub-NUT solutions constructed in [53] for Einsteinian cubic gravity provide us with an additional family of holographic models for which we can access the cubic contribution, and explore its possible universality by testing it against the free-field numerics.
For general parity-even three-dimensional CFTs, the three-point function of the stress tensor is completely fixed by conformal symmetry up to two theory-dependent quantities [67] . These can be chosen to be C T , plus an additional dimensionless quantity, customarily denoted t 4 [68] . Using the result obtained in [33] for t 4 in holographic Einsteinian cubic gravity, we can express the squashed-sphere free energy of the corresponding dual theory for small values of ε as
where the holographic mapping between boundary and bulk quantities is given by:
, which naturally reduce to the Einstein gravity results in the µ → 0 limit.
As we can see, the leading correction to the roundsphere result agrees with the general result (10), as it should. But now we have a nontrivial subleading piece, cubic in ε, and proportional to C T t 4 . In principle, it is far from obvious that the cubic term should not depend on additional theory-dependent quantities on general grounds. Luckily, we can use the numerical free-field results in [2] to perform two highly nontrivial tests of the possible validity of (12) beyond holography. In order to do so, we study the function
for the conformally-coupled scalar (s) and the free Dirac fermion (f) free energies near ε = 0 -for details on the numerical method utilized in the computation of F [29, 67] . The result of this analysis is shown in Fig. 1 , where it is manifest that this is precisely satisfied in both cases. The extremely different nature of the theories and techniques used in deriving the holographic and free-field results make us think that this property extends to arbitrary CFTs.
• Conjecture: for general three-dimensional CFTs, the subleading term in the squashing-parameter ε expansion of the free energy F S 3 ε is universally controlled by the coefficient t 4 in the three-point function of the stress tensor. In particular, we conjecture that (12) holds for general theories.
The level of evidence provided here in favor of (12) -involving free-field and holographic higher-order gravity calculations -is very similar to the one initially presented in [23, 24] concerning the universal relation between the entanglement entropy of almost-smooth corner regions and the charge C T , which was eventually proven for general CFTs in [69] [70] .
One would expect that if our conjecture is true, an analogous expression should hold for the free energy of higher odd-dimensional squashed spheres. In that case, one would expect the O(ε 3 ) term to be controlled by some combination of C T , t 4 and the additional stress-tensor three-point function charge, t 2 , which is nonvanishing for d > 3. In order to guess the exact relation, say, in d = 5, one could compute t 2 and t 4 holographically for some of the six-dimensional bulk theories for which Taub-NUT solutions have recently been constructed [53] , and follow the same steps taken here for Einsteinian cubic gravity.
Discussion & outlook: In the first part of this letter, we have presented a new formula for the free energy of odd-dimensional CFTs dual to higher-curvature gravities with second-order linearized equations of motion. (9) is expected to hold in the region of parameter space for which Taub-NUT geometries dominate the corresponding semiclassical partition function, something that generically occurs for small enough values of ε. Our formula is automatically UV-finite and only involves the evaluation of the Lagrangian of the corresponding theory on an auxiliary AdS geometry, which represents a drastic simplification with respect to the usual on-shell action approaches -to the extent that it does not even require knowing the corresponding Taub-NUT bulk geometry. We have argued that (9) satisfies various highly nontrivial properties expected from general CFT considerations [2] , which AdS/CFT elegantly connects to bulk statements. Additionally, our formula is also satisfied in all known cases in which the corresponding holographic calculation involving the on-shell action of Taub-NUT geometries has been performed -see appendix C. Additional checks for other holographic theories or, preferably, a general proof of (9) would be very desirable.
In the second part, we have conjectured that the subleading term in the free-energy squashing-parameter expansion is universally controlled by the stress-tensor three-point function coefficient t 4 , as given in (12), for general (2 + 1)-dimensional CFTs (holographic or not). In deriving (12), we have made use of the free energy result for holographic Einsteinian cubic gravity, and then we have cross-checked it with the numerical results corresponding to a conformally-coupled scalar and a free Dirac fermion, finding perfect agreement. Naturally, it would be convenient to gather additional evidence. For this, one could consider the holographic duals of the set of higher-order theories constructed in [71] . More ambitiously (and challenging), one could try to prove (12) in general using field-theoretical techniques.
The validity of (12) would have additional consequences in the holographic context. As one can easily check, F (n) S d ε (0) can always be written in terms of (n − 1)-th (and lower) derivatives of h(f ∞ ). For example, one finds
Then, if (12) holds for general theories, it follows that for any d = 3 holographic higher-order gravity of the Einstein-like class [72] ,
Hence, one would be able to obtain the coefficient t 4 by taking a couple of derivatives of h(f ∞ ). This represents a dramatic simplification with respect to the standard holographic calculations involving energy fluxes -see e.g., [29, 30, 68] . It is natural to expect that this formula generalizes to higher-dimensions. In that case, we expect an expression of the form
to hold for general Einstein-like theories in arbitrary dimensions, for some dimension-dependent constants a (d) and b (d) . Using the available results for t 2 and t 4 in d = 4 Quasi-topological gravity [30] and d ≥ 4 GaussBonnet [29] , it is straightforward to set:
In fact, a formula equivalent to (16) valid in the particular case of Lovelock theories -for which t 4 = 0 -was shown to be true in [32, 73] for the same value of a (d) . This provides additional support for the validity of (16) Paying some attention to the results gathered so far, we find that h(f ∞ ) acts as a sort of generating functional from which one can extract correlators of the boundary stress-tensor: h(f ∞ ) controls the one-point function (and hence it vanishes); h (f ∞ ) is proportional to the twopoint function charge C T , see (5); we expect h (f ∞ ) to control the three-point function charges t 4 and t 2 through (16). Interestingly, the "zero-point function" corresponding to the regularized round-sphere free energy F S d also satisfies this pattern, as it can be extracted from an integral involving h(f ∞ ), namely[74]
(17) Integrating by parts in this expression, and using (5) and (6) , it is possible to find the suggestive relation [75] C T = (−1)
which is equivalent to the one recently found in [76] , and which connects two seemingly unrelated quantities, such as C T and
It is also natural to wonder about correlators involving four or more stress-tensors. The situation for those is a bit more complicated, as conformal symmetry no longer fixes them completely up to a few theory-dependent constants. Hence, the connection between F C. Explicit checks of formula (9) 7 D. Free-field calculations 9
References 9
Appendix A: Effective Newton constant in Einstein-like theories
The spectrum of general L(g ab , R acbd ) theories on maximally symmetric backgrounds (m.s.b.) was characterized in [34] . For any given higher-order theory of this kind, the linearized field equations around a m.s.b.ḡ ab with curvature scale Λ, are given by
where G L ab and R L stand for the linearized Einstein tensor and the Ricci scalar, respectively. As we can see, there is a fixed theory-independent tensorial structure which is weighted by linear combinations of four theory-dependent parameters, which were denoted a, b, c, e in [34] . These parameters determine the physical quantities of the theory -namely, the masses of the ghost-like graviton (m g ) and the scalar mode (m s ), and the effective Newton constant (G eff ) -and can be straightforwardly computed for a given theory following the procedure presented in [34] .
.
As we mentioned before, Λ is the curvature scale of the background, which in the context of the present paper we write as Λ = −f ∞ /L 2 . Now, a simple adaptation of Eqs. (2.22) and (2.23) in [34] yields the following general relations
As we can see from (A2), theories with Einstein-like spectrum -i.e., those for which m On general grounds, the metric of Euclidean Taub-NUT/bolt solutions with base space B = CP k for generic higher-curvature gravities takes the form
Here, V (r) and W (r) are functions to be determined by the field equations, and n is the NUT charge. The coordinate τ is periodic, and in order to remove the Dirac-Misner string [78] associated with the potential A CP k , its period must be fixed to β τ = 2n(d + 1)π. All known examples of this kind of solution for higher-curvature gravities additionally satisfy V (r) = W (r). We restrict to this case in the following. The condition of being asymptotically locally AdS implies that the function V (r) behaves as
Then, we see that the boundary metric at r → ∞ is conformally equivalent to the squashed sphere metric (1), with ψ = τ /(n(d + 1)) and with the squashing parameter ε given by (7) . Hence, in the holographic context, these metrics have the correct boundary geometries so as to describe the dual theories on squashed spheres. On the other hand, one has to impose regularity of the solution in the bulk. In general, there is a value of r = r H such that V (r H ) = 0, and we distinguish two qualitatively different cases. If r H = n the solution is of the NUT type, whereas if r H ≡ r b > n it is a bolt. In both cases, absence of a conical singularity imposes the following condition on the derivative of V :
This is the broad picture, but of course constructing actual solutions for a particular higher-order gravity is a difficult problem. As we mentioned, in the general case the solution is determined by two functions that satisfy a highly non-linear system of equations, including higher-order derivatives. However, for the class of theories that we are considering here -namely Einstein and Lovelock gravities, Einsteinian cubic gravity, Quasi-topological gravity, or in general, those of the Generalized Quasi-topological class -the problem of finding solutions is drastically simplified [53] . As we have mentioned, for these V (r) = W (r), and the higher-curvature equations of motion reduce, in each case, to a single third-order differential equation for V (r). Interestingly, this allows for an integrable factor that effectively turns this into a second-order equation. Schematically we have
where C is an integration constant that in all cases is proportional to the total mass M of the solution. In the case of Einstein and Lovelock gravities, the last equation is actually algebraic [55] and the resolution is trivial. In general, it is a second-order differential equation and two conditions are needed in order to specify a solution. It turns out the asymptotic condition (B2) together with the regularity condition (B3) suffice to determine it. Expanding the equation (B4) near the cap r = r H , we find constraints that completely determine the allowed values of M and r H . In the NUT case the radius r H = n is already fixed and the regularity condition fixes the mass as a function of the NUT charge, M = M (n). In the bolt case there can be several values of the radius r H (n) for the same value of n, and for all of them we obtain as well M (n). For each one of these sets of parameters {M (n), r H (n)}, the function V (r) can be constructed from r = r H to infinity by using numerical methods, and we always find that for a given {M (n), r H (n)} it is unique. A remarkable feature of these theories is that the thermodynamics of the solutions can be characterized fully analytically. Indeed, it is also possible to compute exactly the free energy by evaluating the corresponding regularized Euclidean actions. This is illustrated in appendix C.
Appendix C: Explicit checks of formula (9) We have verified that our conjectured formula (9) correctly reproduces the free energies of all Taub-NUT solutions known in the literature, computed using the standard on-shell action approach. This includes Einstein gravity and Gauss-Bonnet in general dimensions as well as the recently constructed solutions of Einsteinian cubic gravity and Quartic Generalized Quasi-topological gravities in d = 3 and d = 5 respectively.
In the case of (d + 1)-dimensional Gauss-Bonnet, the complete Euclidean action, including the generalized GibbonsHawking boundary term [64, 79, 80] and counterterms [62, 63] reads
where X 4 = R abcd R abcd − 4R ab R ab + R 2 is the Gauss-Bonnet density, K ij is the extrinsic curvature of the boundary with K = h ij K ij its trace, J = h ij J ij with
and G ij is the Einstein tensor of the boundary metric h ij . We have also explicitly included the counterterms that ensure a finite on-shell action for d < 7. The dots stand for additional contributions that are required in higher-dimensions.
Computing the on-shell action of Taub-NUT solutions in this theory yields
which is in precise agreement with the result obtained using the conjectured relationship (9) . Our next example is ECG plus a quartic generalized quasi-topological term in d = 3. The Euclidean action with generalized boundary and counterterms reads [81] 
Evaluating the on-shell action for Taub-NUT solutions we find [53] 
which matches precisely the results from the conjectured formula (9). As our last example, the Euclidean action with generalized boundary terms for the quartic generalized quasitopological theories in d = 5 is given by [53] 
where X 4 is the Gauss-Bonnet density and 
are two densities belonging to the quartic generalized quasi-topological family of theories [82] . Computing the on-shell Euclidean action for Taub-NUT solutions of this theory yields
which, again, precisely matches the result obtained using the conjectured relationship (9) . Finally, let us note that on-shell Euclidean actions for Taub solutions in Einstein gravity and Gauss-Bonnet gravity have been previously computed in [83, 84] . Our results agree with those calculations up to an overall factor of 8/9 in d = 5, a factor of 3/4 in d = 7, and more generally by a factor of
in d = 2k + 1 dimensions. These factors are precisely the ratio of the volume of a product of k 2-spheres to the volume of CP k . This discrepancy was observed in [2] in the case d = 5. Both there and in the present work properly accounting for these factors is important for matching the general results expected from field theory considerations, e.g., the proportionality factor between F S 5 ε (0) and C T . This, combined with our careful analysis of the computations in [83, 84] , gives us confidence that the results presented here are correct. )/(π 4 CT ε 2 ) as a function of ε using the numerical results in [2] . In general, this function must cross the ε = 0 axis at 1, which requires a small treatment (resulting in the dashed green line) of the numerical data in a small neighborhood of = 0.
